(1) f f <p2dxdy £ K J j (<p\ + <j>l)dxdy.
The inequality (1) holds true when SF is the class of all continuous real functions which are zero on the boundary of D. It also holds when JF is the class of all continuous real functions such that (2) I I cpdxdy = 0, provided that the domain D is sufficiently regular. It suffices in this case that D be decomposible into a finite number of convex regions. In [l, p. 521], Courant and Hilbert give an example which shows that (1) does not hold under the normalization (2) unless some such restriction is placed on the domain D. In the example which they consider, the domain D has a Jordan curve as its boundary, but the function <j> is quite irregular.
In this note, an example is given (Theorem 1) which shows that (1) does not hold under the normalization (2) even if <p is restricted to be harmonic.
The domain D considered is simply connected and bounded, but possesses a nontrivial prime end as part of its boundary.
When treating analytic functions, it is usually more convenient to fix a point z0 in D, and normalize the functions by demanding f(zQ) = 0. The Poincare inequality then becomes
It appeared at first thought that the Poincare inequality must hold for any bounded domain in this case, but the same method also shows that this is not true (Theorem 2).
The examples used seem to be notable for their simplicity. In the 
where/i and/2 are continuous, bounded, and decreasing in Ui^u< oo. We can assume that /i and f2 are positive and tend to zero as «-> oo. Furthermore we demand that for any u, ui^u< <x> 0 < f2(u + 2t) ^ fi(u) < ft(u).
Under the mapping
A is then transformed one-to-one onto a simply connected plane domain D, interior to the unit circle. In particular, if fi(u) =f2(u + 2ir) for all u ^ Mi, then the domain D has as its boundary a spiral of infinite length inside the unit circle, a short radial segment joining two turns of this spiral, and the entire unit circle (as a prime end).
Finally we note that if/2(wi) = M, \.e.,f2(u) <M ior all u>ux, then since | dz/dw\ =e~v, for any w in A dz 2 (5) e~2M < -< 1. 
